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FIGURE 6, Poincare's geometric approach to
periodicity: if the state of a system describes a
closed loop in phase space, the system must be
periodic and hence stable.

Poincare grappled with the existence of periodic solutions, and he
found that they could be detected by a topological method. Suppose
that at some particular instant of time the system is in some particular
state and that at a certain time later it is again in the identical state.
Then it must repeat, over and over again forever, the very motion that
took it from that state back to itself. Returning just once to a previous
state, perfect in every detail, is the essence of periodic motion.

Topology enters when this idea is made geometric.24 Imagine that the
state of the system is described by the coordinates of a point in some
high-dimensional space, which scientists call phase space. As the system
changes, this point will move, tracing out a curve in phase space. In
order for the system to return to its initial state, this curve must close up
into a loop (Figure 6). Stability of the system thus translates to "When
does a curve form a closed loop?" The question asks nothing about the
shape or size or position of the loop, merely that it be closed: it's a
question for topology. Thus the existence of periodic solutions depends
on topological properties of the curve that represents the changing state
of the system in phase space.

Phase space is an abstract mathematical space with many dimensions
that represent all possible variables that govern the state of a system,

FIGURE 7. Example of a phase por-
trait in which different curves repre-
sent possible evolution of a system
under different initial conditions.

